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We obtain an exact correspondence between the dynamical equations in Israel-Stewart (IS) theory
and first-order causal and stable (FOCS) hydrodynamics for a boost-invariant system with an ideal
gas equation of state at finite baryon chemical potential. Explicit expressions for the temperature
and chemical potential dependence of the regulators in the FOCS theory are given in terms of the
kinetic coefficients and constant relaxation time of the IS theory. Using the correspondence between
the IS and FOCS theory, stability conditions for a charged fluid which are known in the FOCS
approach are applied and one finds that the IS theory considered is unstable.
I. INTRODUCTION
Relativistic hydrodynamics has been proved to be very
successful in describing the bulk evolution of the strongly
interacting matter produced in heavy-ion collision exper-
iments [1–5]. In connection with this success, various
formal aspects of relativistic hydrodynamics have been
extensively explored [6, 7]. Along with the modeling
of the early stages of heavy-ion collisions and late-stage
freeze-out of hadrons, relativistic hydrodynamics consti-
tutes the standard model of heavy-ion collision experi-
ments.
The formalism of relativistic hydrodynamics includes
many interesting new features such as the existence of hy-
drodynamic attractors [8–13] and asymptotic character
of the hydrodynamic gradient expansion [14–17]. Various
properties of strongly interacting matter, e.g., equation of
state, bulk viscosity, shear viscosity, etc., can be obtained
by a detailed comparison between theoretical predictions
based on the hydrodynamic approach and available ex-
perimental data [18–23].
Theory of first-order viscous hydrodynamics dates
back to 1950’s when Landau and Eckart came up with a
relativistic generalization of the non-relativistic Navier-
Stokes equations. However, these theories are known to
be in contradiction with causality and stability require-
ments, features that are very important for any accept-
able theory of relativistic hydrodynamics [24, 25]. There-
fore, the first-order Landau and Eckart hydrodynamics
have been discarded and replaced by a more general
second-order Israel-Stewart (IS) theory [26, 27]. The IS
approach has been extensively used to describe the space-
time evolution of the strongly interacting matter pro-
duced at the Relativistic Heavy Ion Collider (RHIC) at
Brookheaven National Laboratory and the Large Hadron
∗Electronic address: arpan.das@ifj.edu.pl
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Collider (LHC) at CERN.
In the IS theory, the shear stress tensor (piµν ), the
bulk pressure (Π), and the particle diffusion (baryon dif-
fusion) current (nµ) are considered as independent hy-
drodynamic variables, similar to the local temperature
(T ), chemical potential (µ), and the fluid four-velocity
(uµ). They approach their Navier-Stokes values, i.e.,
piµν = 2ησµν , Π = −ζ∂µuµ and nµ = κn∆µα∂α(µ/T )
during the hydrodynamic evolution, when the system ap-
proaches local equilibrium. Here η and ζ are the coeffi-
cients of the shear and bulk viscosity, respectively, κn is
the charge conductivity coefficient that can also be re-
lated to the thermal conductivity, σµν is the shear flow
tensor constructed from the derivatives of uµ, and ∆µν
is the projection operator orthogonal to the fluid four-
velocity (uµ).
Very recently the formulation of the first-order causal
and stable (FOCS) relativistic viscous hydrodynamics
has been put forward by Bemfica, Disconzi, Noronha, and
Kovtun [28–30]. In the FOCS formalism, one deals only
with the Navier-Stokes degrees of freedom, i.e., local tem-
perature (T ), chemical potential (µ), and the fluid four-
velocity (uµ) as fundamental hydrodynamic variables in
the derivative expansion. Rather than choosing some
specific fluid frame, e.g., the Landau frame or the Eckart
frame, FOCS is based on a more general choice of hydro-
dynamic frames and, relatedly, the introduction of a new
set of kinetic coefficients. These new kinetic coefficients
act as an ultraviolet regulators of the theory and make it
causal (even in the fully nonlinear regime) and linearly
stable around equilibrium.
Given various causal and stable theories of viscous rel-
ativistic hydrodynamics, IS and FOCS theories in par-
ticular, one can naturally ask for any possible correspon-
dence between these theories. For a boost-invariant sys-
tem with conformal symmetry these two approaches, i.e.,
IS and FOCS, lead to very similar equations [28]. In
our previous papers [31, 32], we have found that there is
an exact matching between FOCS and IS equations for
boost-invariant, Bjorken expanding systems with mass-
less as well as massive particles for vanishing baryon
2number density. Due to the exact mapping between IS
and FOCS theories, we could use the knowledge of non-
linear causality and stability in the FOCS theory to study
causality and the stability of IS theory. In the present in-
vestigation, we extend our previous works to a fluid with
conserved charge (here we consider only baryon number
conservation).
It is important to note that on general grounds IS
and FOCS theories are quite different and no direct con-
nection between these two theories may exist. This is
so because IS theory leads to ten first order differential
equations, while FOCS gives four second order differen-
tial equations or equivalently eight first-order differential
equations. Therefore, only for some special cases an ex-
act correspondence between these two theories may exist
(where the two frameworks lead to the same dynamical
equations). Finding such correspondence is important
for theoretical as well as phenomenological reasons. Us-
ing a mapping between IS and FOCS, we can transfer the
knowledge gained in one sector to the other one. For ex-
ample, non-linear causality and stability in the IS theory
has not been explored for a long time — only recently
the non-linear causality and stability of an uncharged
fluid has been investigated in Ref. [33]. On the other
hand, the causality and the stability of the FOCS theory
is known [28–30, 34]. Therefore, the information about
causality and stability established in the FOCS approach
can be used to analyze the causality and stability of IS
solutions, provided such correspondence exists.
The paper is organized in the following manner: In
Sec. II we introduce the IS and FOCS hydrodynamic
equations for a fluid with conserved charge (here we con-
sider baryon number conservation). In Sec. III we present
a matching between these two frameworks using the ap-
proximation of constant relaxation time. The correspon-
dence between the IS and FOCS theories is then used to
discuss the stability of the IS theory in Sec. IV. We sum-
marize and conclude in Sec. V. Throughout the paper we
use natural units ~ = c = kB = 1.
II. IS AND FOCS HYDRODYNAMICS
A. IS approach
We start with the IS theory as given in Refs. [35, 36] to
seek for a correspondence between the IS and FOCS theo-
ries in the case of nonvanishing baryon chemical potential
(µ) and for an ideal-gas equation of state. The energy-
momentum tensor and the conserved baryon number cur-
rent for massless particles, as given in Refs. [35, 36], are
T µν = εuµuν − p∆µν + piµν , (1)
Nµ = nuµ + nµ. (2)
In Eqs. (1) and (2), the quantities ε, p, n, and uµ repre-
sent energy density, pressure, number density, and fluid
four-velocity, respectively. The quantities piµν (shear
stress tensor) and nµ (baryon diffusion current) are the
corresponding dissipative parts of the energy-momentum
tensor and the number current, respectively.
Conservation of the energy-momentum tensor,
∂µT
µν = 0, and the baryon current conservation,
∂µN
µ = 0, yield the evolution equations of energy
density (ε), fluid four-velocity (uµ), and the baryon or
number density (n) [35, 36],
ε˙+ (ε+ p)∂µu
µ − piµνσµν = 0,
(ε+ p)u˙α −∇αp+∆αν ∂µpiµν = 0,
n˙+ n∂µu
µ + ∂µn
µ = 0. (3)
Here we have used the notation A˙ = uµ∂µA for comov-
ing derivative, ∇µ = ∆µν∂ν , and ∆µν is the projector
orthogonal to the fluid four velocity uµ. To close the
system of hydrodynamic equations we also need the evo-
lution equations for the dissipative fluxes (piµν , nµ) along
with the equation of state (in our case ε = 3p). Using rel-
ativistic kinetic theory, the evolution equations of these
dissipative currents have been obtained in Refs. [35, 36].
They have the following form
p˙i〈µν〉 +
piµν
τpi
= 2βpiσ
µν + 2pi〈µγ ω
ν〉γ − 4
3
piµνθ
− 10
7
pi〈µγ σ
ν〉γ , (4)
n˙〈µ〉 +
nµ
τn
= βn∇µα− nνωνµ − nµθ − 3
5
nνσ
νµ
− 3βn
ε+ p
piµν∇να. (5)
Here ωµν ≡ (∇µuν −∇νuµ)/2 is the anti-symmetric vor-
ticity tensor, σµν ≡ 1
2
(∇µuν+∇νuµ)− 1
3
θ∆µν , θ = ∂µu
µ
is the expansion scalar, α = µ/T , τpi = η/βpi, and
τn = κn/βn [35, 36]. The quantity η is the shear viscos-
ity coefficient, µ and T denote baryon chemical potential
and temperature respectively.
For simplicity, let us first assume that the baryon dif-
fusion current vanishes, nµ = 0 (the case where nµ 6= 0
is discussed below). For the Bjorken flow the hydro-
dynamic equations given by Eqs. (3) and the evolution
equations for the dissipative quantities given by Eqs. (4)
and (5) simplify in this case to the following set of equa-
tions [35, 36]:
dε
dτ
= − 1
τ
[
(ε+ p)− pi
]
, (6)
τpi
dpi
dτ
=
4
3
η
τ
− pi − β τpi
τ
pi, (7)
dn
dτ
+
n
τ
= 0. (8)
Here τ ≡ √t2 − z2 is the longitudinal proper time and
pi ≡ piηsηs is the rapidity-rapidity component of the shear
stress tensor piµν (representation of piµν for the Bjorken
symmetry in the Milne coordinates is given in Ref. [37]).
3In Eq. (7) one uses β = 4/3+λwith λ = 10/21 [35, 36]. In
this work, however, we consider β to be a free parameter.
It can be shown that even for a non vanishing baryon
diffusion current the boost-invariant versions of Eqs. (6)–
(8) remain unchanged 1 — in this case we have an addi-
tional evolution equation for nµ that completely decou-
ples from the rest of Eqs. (6)–(8) [38]. Therefore, even
for nµ 6= 0 we can proceed with Eqs. (6)–(8) to match the
FOCS boost-invariant formulation. In the following we
will use the approximation of constant relaxation time in
the shear sector with τpi ≡ τR.
Using Eq. (6) we can express pi in the following manner
pi =
(
∂ε
∂T
T˙ +
∂ε
∂µ
µ˙
)
τ + (ε+ p). (9)
In Eq. (9) T˙ ≡ dT/dτ and µ˙ ≡ dµ/dτ . Using the constant
relaxation time approximation in the shear sector, Eq. (7)
can be written as
τRp˙i =
4
3
η
τ
−
(
1 + β
τR
τ
)
pi. (10)
Using Eq. (9) on the right-hand side of Eq. (10) we obtain
τRp˙i =
4
3
η
τ
−
(
1 + β
τR
τ
)[ ∂ε
∂T
T˙ τ
+
∂ε
∂µ
µ˙τ + (ε+ p)
]
. (11)
Furthermore, from Eq. (9) we get
p˙i =
∂2ε
∂T 2
T˙ 2τ +
∂ε
∂T
T¨ τ +
(
∂p
∂T
+ 2
∂ε
∂T
)
T˙ +
∂2ε
∂µ2
µ˙2τ
+
∂ε
∂µ
µ¨τ +
(
∂p
∂µ
+ 2
∂ε
∂µ
)
µ˙+ 2
∂2ε
∂µ∂T
µ˙T˙ τ. (12)
Eq. (11) allows us to write Eq. (12) in the following way
τR
∂ε
∂T
T¨ + τR
∂2ε
∂T 2
T˙ 2 + T˙
[
τR
τ
(
∂p
∂T
+ 2
∂ε
∂T
)
+
(
1 + β
τR
τ
) ∂ε
∂T
]
+ 2τR
∂2ε
∂T∂µ
T˙ µ˙+ τR
∂ε
∂µ
µ¨
+ τR
∂2ε
∂µ2
µ˙2 + µ˙
[
τR
τ
(
∂p
∂µ
+ 2
∂ε
∂µ
)
+
(
1 + β
τR
τ
) ∂ε
∂µ
]
+
[(
1 + β
τR
τ
) ε+ p
τ
− 4
3
η
τ2
]
= 0. (13)
1 For the Bjorken flow, in the Milne coordinates nµ ≡ (0, 0, 0, nηs)
and uµ ≡ (1, 0, 0, 0) [38]. Note that all the dissipative currents
are orthogonal to uµ. Therefore, in the Milne coordinates the
conservation of the baryon current implies DµNµ = uµDµn +
nDµuµ+Dµnµ = 0. Here Dµ is the covariant derivative. It can
be easily shown that Dµnµ = 0 for the Bjorken flow. Therefore
one obtains DµNµ =
dn
dτ
+ n
τ
= 0 for the Bjorken flow even for
nonvanishing nµ.
Equation (13) is a second-order differential equation
which is derived from the two first-order differential equa-
tions (namely, Eqs. (6) and (7)). The evolution equation
of the number density (n), i.e., Eq. (8) remains a first-
order differential equation.
B. FOCS approach
In the FOCS approach with the Bjorken-flow geometry,
the evolution equations of the energy density (E) and the
number density (N ) in a general frame become [30]
dE
dτ
+
E + P
τ
− 4
3
η
τ2
= 0, (14)
dN
dτ
+
N
τ
= 0. (15)
Here one considers the following constitutive relations for
a charged fluid [30]:
E = ε+ ε1 T˙
T
+ ε2
1
τ
+ ε3
d
dτ
(µ
T
)
, (16)
P = p+ pi1 T˙
T
+ pi2
1
τ
+ pi3
d
dτ
(µ
T
)
, (17)
N = n+ ν1 T˙
T
+ ν2
1
τ
+ ν3
d
dτ
(µ
T
)
. (18)
We note that the dimension of the coefficients εi and pii in
natural units is GeV3, which is different from the dimen-
sion of energy density (ε) or pressure (p). Further the
dimension of the coefficients νi in natural units is GeV
2
which is different from the dimension of number density
(n). The coefficients εi, pii and νi can be interpreted as
regulators of the theory. These regulators result in addi-
tional non-hydrodynamic modes in the sound and shear
channels. Also these regulators are relevant for nonlinear
causality, linear stability, and existence and uniqueness
of solutions.
For the boost-invariant Bjorken flow, the heat flow and
the baryon diffusion currents identically vanish 2. Using
the constitutive relations for the energy density and the
pressure (as given by Eqs. (16) and (17), respectively) in
Eq. (14), the FOCS equation for the conservation of the
2 In the FOCS approaches up to a first-order derivative expan-
sion of the hydrodynamic variables the heat flow can be ex-
pressed as [30], Qµ ≡ −∆µαuβT
αβ = θ1u˙µ + θ2/T∆µλ∂λT +
θ3∆µλ∂λ(µ/T ). Similarly the baryon diffusion current can
be written as, J µ ≡ ∆µαJα = γ1u˙µ + γ2/T∆µλ∂λT +
γ3∆µλ∂λ(µ/T ). For Bjorken flow u˙
µ, while ∆µλ∂λT and
∆µλ∂λ(µ/T ) vanish identically. Therefore coefficients θi and γi
do not contribute to the FOCS equations for Bjorken flow.
4energy-momentum tensor becomes(
ε1
T
− ε3µ
T 2
)
T¨ +
(
∂ε1
∂T
1
T
− ε1
T 2
− ∂ε3
∂T
µ
T 2
+ 2ε3
µ
T 3
)
T˙ 2
+
(
∂ε1
∂µ
1
T
+
∂ε3
∂T
1
T
− ε3
T 2
− ∂ε3
∂µ
µ
T 2
− ε3
T 2
)
T˙ µ˙
+
(
ε3
T
)
µ¨+
(
∂ε3
∂µ
1
T
)
µ˙2 +
(
∂ε
∂T
+
1
τ
∂ε2
∂T
)
T˙
+
(
∂ε
∂µ
+
1
τ
∂ε2
∂µ
)
µ˙+
ε+ p
τ
+
ε1 + pi1
τ
T˙
T
+
pi2
τ2
+
ε3 + pi3
τ
µ˙
T
− ε3 + pi3
τ
µ
T 2
T˙ − 4
3
η
τ2
= 0. (19)
Moreover, using the constitutive relation given by
Eq. (18) the FOCS equation for the conservation of the
number current can be written as(
ν1
T
− ν3µ
T 2
)
T¨ +
(
∂ν1
∂T
1
T
− ν1
T 2
− ∂ν3
∂T
µ
T 2
+ 2ν3
µ
T 3
)
T˙ 2
+
(
∂ν1
∂µ
1
T
+
∂ν3
∂T
1
T
− ν3
T 2
− ∂ν3
∂µ
µ
T 2
− ν3
T 2
)
T˙ µ˙
+
(
ν3
T
)
µ¨+
(
∂ν3
∂µ
1
T
)
µ˙2 +
(
∂n
∂T
+
1
τ
∂ν2
∂T
)
T˙
+
(
∂n
∂µ
+
1
τ
∂ν2
∂µ
)
µ˙+
n
τ
+
ν1
τ
T˙
T
+
ν3
τ
µ˙
T
− ν3
τ
µ
T 2
T˙ = 0.
(20)
III. MATCHING BETWEEN IS AND FOCS
THEORY
Equations (19) and (20) have the structure of the Ric-
cati equation similar to Eq. (13). On the other hand,
Eq. (8) is a first-order equation which can be consid-
ered as a special case of the Riccati equation. Equa-
tions (13) and (8) in the IS theory can be compared
with the corresponding FOCS equations, i.e., Eqs. (19)
and (20) to check if a direct correspondence between the
IS and FOCS theory can be constructed.
If we compare the coefficients multiplying T¨ in Eqs. (8)
and (20) we get
ν1
T
− ν3 µ
T 2
= 0, (21)
where ν3 can be obtained by comparing the coefficients
of µ¨ in Eqs. (8) and (20), which gives
ν3 = 0. (22)
This also directly implies ν1 = 0. Therefore, any pos-
sible correspondence between the IS and FOCS theory
will work in a general frame only with the conditions
ν1 = ν3 = 0. Furthermore, by comparing the first-
order derivative terms and derivative independent terms
in Eqs. (8) and (20) we get(
∂n
∂T
T˙ +
∂n
∂µ
µ˙
)
+
1
τ
(
∂ν2
∂T
T˙ +
∂ν2
∂µ
µ˙
)
+
n
τ
=
dn
dτ
+
n
τ
.
(23)
Using the above equation we obtain,
dν2
dτ
= 0. (24)
Hence, it turns out that ν2 is τ independent. Some com-
ments about ν1 = 0 and ν3 = 0 are in order here. We
observe that even in the presence of a dissipative current
(nµ) the conservation of the charge current (∂µN
µ = 0)
in the IS theory for the Bjorken flow is reduced to a first-
order differential equation (see Eq.(8)). On the other
hand, for a general constitutive relation the charge cur-
rent conservation equation, ∂µJ
µ = 0 in the FOCS theory
for the Bjorken flow is a second-order differential equa-
tion (see Eq. (20)) [30]. Therefore, when we compare a
first-order differential equation with a second-order dif-
ferential equation, it is natural that the coefficients of
the second-order terms should vanish in order to have a
one-to-one correspondence between these equations.
For the Bjorken flow in the FOCS theory with ν1 =
ν3 = 0 and ν2 independent of τ , the evolution of the
number density (i.e., Eq. (15)) is not affected by the dis-
sipative quantities and the UV regulators do not enter
into this equation. Note that in the Landau frame as
well as in the Eckart frame, the evolution of the number
density (n) is not affected by the dissipative fluxes for
the Bjorken flow. In the Eckart frame nµ is by defini-
tion zero and in the Landau frame the nµ is given by its
Navier-Stokes limit nµ = κn∆
µν∂ν(µ/T ) which vanishes
identically for the Bjorken flow.
The evolution of the energy density (ε) in the IS theory
is also first order in nature but, interestingly, the dissi-
pative part of the energy-momentum tensor (piµν ) also
enters the energy density evolution equation. Therefore,
the evolution of the energy density along with the evolu-
tion equation of the dissipative flux gives rise to a second
order equation (Eq. (13)).
Comparing the coefficients multiplying the terms con-
taining T¨ in Eqs. (13) and (19) we get
ε1 = τRT
∂ε
∂T
+
µ
T
ε3, (25)
so the coefficient ε3 can be obtained in terms of the relax-
ation time in the IS theory by comparing the coefficients
of µ¨ in Eqs. (13) and (19)
ε3 = τRT
∂ε
∂µ
. (26)
The coefficient ε3 given by Eq. (26) allows us to write ε1
in the following manner
ε1 = τRT
∂ε
∂T
+ τRµ
∂ε
∂µ
. (27)
Subsequently, comparing the coefficients of T˙ 2, µ˙2 and
5T˙ µ˙ in Eqs. (13) and (19) we get:
(
∂ε1
∂T
1
T
− ε1
T 2
− ∂ε3
∂T
µ
T 2
+ 2ε3
µ
T 3
)
= τR
∂2ε
∂T 2
, (28)
∂ε3
∂µ
1
T
= τR
∂2ε
∂µ2
, (29)
(
∂ε1
∂µ
1
T
+
∂ε3
∂T
1
T
− ε3
T 2
− ∂ε3
∂µ
µ
T 2
− ε3
T 2
)
= 2τR
∂2ε
∂T∂µ
, (30)
respectively. It can be easily shown that ε1 and ε3 given
by Eqs. (27) and (26) also satisfy Eqs. (28), (29) and (30).
Therefore, Eqs. (28), (29) and (30) are redundant.
Comparing the terms with T˙ and µ˙ in Eqs. (13)
and (19) we get
(
∂ε
∂T
+
1
τ
∂ε2
∂T
)
T˙ +
(
∂ε
∂µ
+
1
τ
∂ε2
∂µ
)
µ˙+
ε1 + pi1
τ
T˙
T
+
ε3 + pi3
τ
µ˙
T
− ε3 + pi3
τ
µ
T 2
T˙
= T˙
[
τR
τ
(
∂p
∂T
+ 2
∂ε
∂T
)
+
(
1 + β
τR
τ
) ∂ε
∂T
]
+ µ˙
[
τR
τ
(
∂p
∂µ
+ 2
∂ε
∂µ
)
+
(
1 + β
τR
τ
) ∂ε
∂µ
]
. (31)
Equation (31) can be solved for ε2, once we know pi1, pi3
in terms of the IS parameters. Similarly, by comparing
derivative independent terms in Eqs. (13) and (19) we
get
pi2
τ2
+
ε+ p
τ
− 4
3
η
τ2
=
(
1 + β
τR
τ
)
ε+ p
τ
− 4
3
η
τ2
.
(32)
The above equation can be used to determine pi2,
pi2 = βτR(ε+ p). (33)
The coefficient of the bulk viscosity in the FOCS ap-
proach for a charged fluid can be given as [34]
ζ =
((
∂p
∂ε
)
n
pi1 − pi2
)
+
(
∂p
∂ε
)
n
(
ε2 −
(
∂p
∂ε
)
n
ε1
)
+
1
T
(
∂p
∂n
)
ε
(
pi3 −
(
∂p
∂ε
)
n
ε3
)
+
(
∂p
∂n
)
ε
(
ν2 −
(
∂p
∂ε
)
n
ν1
)
− 1
T
(
∂p
∂n
)2
ε
ν3. (34)
For an ideal gas equation of state (massless particles) [39],
(
∂p
∂ε
)
n
=
1
3
,
(
∂p
∂n
)
ε
= 0, ζ = 0. (35)
Using Eqs. (34) and (35) we obtain
pi1 = 3pi2 − (ε2 − ε1/3). (36)
Using Eqs. (27) and (33) in Eq. (36) we can express
pi1 in terms of ε2 and other thermodynamic quantities.
Using the expression of pi1 in terms of ε2 in Eq. (31) we
can obtain ε2 provided we also know pi3. Till now we
have not discussed how to evaluate pi3, with the other
FOCS coefficients it can be obtained uniquely using the
condition that for an ideal gas equation of state the trace
of the energy-momentum tensor vanishes in the IS theory.
A. Traceless condition of the energy-momentum
tensor
As we have already discussed, to calculate ε2 we also
need to know pi3. For the massless case, the IS theory
we are considering has vanishing trace of the energy-
momentum tensor. If we also demand the trace of the
energy-momentum tensor to vanish for an ideal gas equa-
tion of state in the FOCS theory then we get the following
conditions [30]
pii =
1
3
εi, i = 1, 2, 3. (37)
Therefore,
pi3 =
1
3
ε3 =
1
3
τRT
∂ε
∂µ
(38)
and
ε2 = 3pi2 = 3βτR(ε+ p). (39)
It can be shown that for an ideal gas equation of state
the coefficient ε2, as given by Eq. (39), does not satisfy
Eq. (31) for any arbitrary value of the IS coefficient β.
In other words, using Eqs. (39) and (31) we can get the
IS parameter β for which ε2 can be uniquely determined.
This can be done either by comparing the coefficients of T˙
or µ˙ from both sides of Eq. (31). Therefore, by comparing
the coefficients of T˙ from both sides of Eq. (31) we get:
(
∂ε
∂T
+
1
τ
∂ε2
∂T
)
T˙ +
ε1 + pi1
τ
T˙
T
− ε3 + pi3
τ
µ
T 2
T˙
= T˙
[
τR
τ
(
∂p
∂T
+ 2
∂ε
∂T
)
+
(
1 + β
τR
τ
) ∂ε
∂T
]
=⇒
(
1
τ
∂ε2
∂T
)
+
4
3
ε1
τT
− 4
3
ε3
τ
µ
T 2
=
[
τR
τ
(
∂p
∂T
+ 2
∂ε
∂T
)
+ β
τR
τ
∂ε
∂T
]
=⇒ 3βτR
(
∂ε
∂T
+
∂p
∂T
)
+
4
3
(
τRT
∂ε
∂T
+ τRµ
∂ε
∂µ
)
1
T
− 4
3
τRT
∂ε
∂µ
µ
T 2
=
[
τR
(
∂p
∂T
+ 2
∂ε
∂T
)
+ βτR
∂ε
∂T
]
,
=⇒ (3β + 1)τR 4
3
∂ε
∂T
= τR
(
7
3
+ β
)
∂ε
∂T
=⇒ β = 1
3
. (40)
6In the second line of Eq. (40) we have used the rela-
tions pi1 = (1/3)ε1 and pi3 = (1/3)ε3. We have also used
Eqs. (26), (27), and (39), and the ideal gas equation of
state to get Eq. (40). Similarly, by comparing the coef-
ficients of µ˙ from both sides of Eq. (31) it can be shown
that β = 1/3. Therefore, only for β = 1/3 the coeffi-
cient ε2 along with the other regulators can be uniquely
determined. In this case we obtain
ε2 = τR(ε+ p) =
4
3
τRε. (41)
As a consequence, for an ideal gas EOS and β = 1/3 we
obtain the following relations:
ε1 = τRT
∂ε
∂T
+ τRµ
∂ε
∂µ
= 3τRT
∂p
∂T
+ 3τRµ
∂p
∂µ
= 3τRTs+ 3τRµn = 3τR(ε+ p) = 4τRε,
(42)
ε2 = τR(ε+ p) =
4
3
τRε, (43)
ε3 = τRT
∂ε
∂µ
= 3τRT
∂p
∂µ
= 3τRTn, (44)
pi1 = τR(ε+ p) =
4
3
τRε, (45)
pi2 =
1
3
τR(ε+ p) =
4
9
τRε, (46)
pi3 = τRTn. (47)
Eqs. (42)–(47) allow us to express the FOCS regulator
sector in terms of the IS relaxation time. For vanishing
baryon chemical potential (µ = 0 or n = 0) Eqs. (42)–
(47) exactly agree with our previous results presented in
Ref. [31]. Note that for µ = 0 the coefficients ε3 and pi3
are not present in the FOCS constitutive relations.
IV. CAUSALITY AND STABILITY
We have shown that hydrodynamic equations in the
FOCS approach in a frame with ν1 = ν3 = 0 can be ex-
actly mapped into the hydrodynamic equations of Israel-
Stewart (IS) theory for the boost-invariant flow at finite
baryon density with an ideal gas equation of state. There-
fore, we can use the knowledge of stability and causal-
ity in the FOCS sector to learn about the stability and
causality of the IS theory considered here. Causality and
stability in the FOCS approach for a charged fluid have
been discussed in Ref. [34]. The stability and causality of
the shear modes requires θ1 > η > 0. Note that θ1 is the
transport coefficient associated with the heat flow Qµ in
the FOCS approach. For the Bjorken flow Qµ identically
vanishes. Therefore, the coefficient θ1 cannot be con-
strained in this case. This means that the causality and
stability conditions for the shear modes can be satisfied.
What remains to check is the causality and stability for
the sound channels. Unfortunately, the causality and sta-
bility of sound channels in the most general frame in the
FOCS approach are still not completely explored. Only
for some specific frame choice with ε3 = pi3 = θ3 = 0 the
causality and stability in a Lorentz boosted frame in the
FOCS sector has been discussed recently in Ref. [34]. In
the present investigation, we have found from the con-
structed correspondence that ε3 and pi3 do not vanish.
Therefore, we cannot make conclusive statements regard-
ing the causality and stability in a Lorentz boosted frame
for the case with ε3 6= 0 and pi3 6= 0. However, we can
make some important comments about the stability in
the fluid rest frame for the sound modes. One of the
necessary conditions for the stability of equilibrium in
the fluid rest frame is ε1ν3 − ε3ν1 > 0 [34]. Following
Eqs. (43) and (45) we have ε1 ≥ 0 and ε3 ≥ 0. There-
fore, for ν1 = ν3 = 0, ε1 ≥ 0, and ε3 ≥ 0 at least one of
the stability conditions in the fluid rest frame cannot be
satisfied. Hence, the FOCS theory or equivalently the IS
theory is unstable for ν1 = ν3 = 0, ε1 ≥ 0, and ε3 ≥ 0.
However, this instability does not guarantee that the hy-
drodynamic theory is acausal. We should also mention
that recently in Ref. [40] a general relativistic formula-
tion of causal and stable first order hydrodynamics has
been discussed for finite baryon density using a hydrody-
namic frame which is closer to Eckart frame where the
flow velocity is defined using the baryon current. In such
a formulation, the conserved charge current is free of any
dissipative part which is different from the formalism dis-
cussed in Ref. [34]. Although the hydrodynamic formal-
ism as described in Ref. [34] applies to baryon rich mat-
ter, e.g. neutron star mergers or in low energy heavy-ion
collisions, a boost invariant flow is not physically appeal-
ing in such a situation.
It is important to note that in a hydrodynamic theory
causality and stability are intimately related. It has been
argued in Refs. [41, 42] that in a Lorentz boosted frame
hydrodynamic theory with nonvanishing bulk and shear
viscosities develops instability if the theory is acausal.
However the opposite may not be true, i.e., a causal the-
ory may develop instability. Till now we have made com-
ments on the stability and causality of the IS theory for
Bjorken flow using our knowledge of FOCS theory. One
can also use the knowledge of IS theory to shed light
on the FOCS theory using the correspondence between
them. But causality and stability in the IS theory for
a boost-invariant Bjorken flow at finite baryon chemical
potential are still not explored extensively. Furthermore,
a detailed investigation is required to understand the
causality and stability of the IS theory at finite baryon
chemical potential. Only recently the nonlinear causality
and stability of an uncharged fluid have been explored in
Ref. [33].
V. SUMMARY
In the present study we have found an exact correspon-
dence between second-order Israel-Stewart (IS) hydrody-
namic theory and first-order causal and stable (FOCS)
7hydrodynamics for the boost-invariant flow with nonvan-
ishing baryon density for massless particles. The crucial
assumption that allowed for this correspondence is the
constant relaxation time in the shear sector of the IS the-
ory. Explicit expressions for the temperature and chem-
ical potential dependent regulators of the FOCS theory
have been given for an ideal gas equation of state. The
stability and causality criteria known in the FOCS ap-
proach have been applied to the IS theory. We have
found that the conditions for which the correspondence
between the IS and FOCS theory exists, does not satisfy
at least one of the necessary conditions for the stability
of the theory.
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